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Abstract A mathematical method is derived within the framework of classical
Lagrangian field theory, which is suitable for the determination of the eigenstates
of acoustic resonators of nearly spherical shape. The method is based on the expan-
sion of the Helmholtz differential operator and the boundary condition in a power
series of a small geometrical perturbation parameter €. The method extends to orders
higher than € the calculation of the perturbed acoustic eigenvalues, which was pre-
viously limited by the use of variational formalism and the methods of Morse and
Ingard. A specific example is worked out for radial modes of a prolate spheroid, with
the frequency perturbation calculated to order €3. A possible strategy to tackle the
problem of calculating the acoustic eigenvalues for cavities presenting non-smooth
geometrical imperfections is also described.

Keywords Acoustic eigenvalues - Quasi-spherical resonators -
Shape perturbation theory

1 Introduction

A number of different experimental methods are currently being developed in a quest
to pursue a determination of the Boltzmann constant k; with an overall relative uncer-
tainty below 1 ppm [1]. Among these, the determination of the speed of sound in a
gas-filled spherical cavity by measuring its acoustic and microwave resonance fre-
quencies, looks promising in reason of the results obtained so far [2-4]. To fur-
ther increase the achievable accuracy, these experiments rely on the development
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of theoretical models which account for major perturbing effects, including the
perturbation induced by the imperfect geometry of the resonator. This imperfection
may be intentionally designed, as in the case of triaxial ellipsoidal cavities [5], to
ease the precise determination of the mean frequency of degenerate microwave eigen-
functions. In addition, the limits of fabricating techniques, and those associated to
the experimental procedures used to assemble the two hemispheres comprising the
cavity, concur in making the final geometry of the resonator different from the initial
design.

In geometrical perturbation models, it is common to assume that the shape of the
assembled resonator is only slightly different from a sphere, the difference being
described using a parameter €, which is a small fraction of unity. Thus, the sur-
face of the imperfect resonator and that of a perfect sphere coincide in the limit
€ — 0. The historical development of the mathematical tools used to calculate geo-
metrical corrections to the acoustic and microwave eigenvalues of quasi-spherical
resonators, was initiated by Mehl’s [6,7] demonstration that the first non-vanishing
corrections to the acoustic eigenvalues are of order €2 for arbitrary shape deforma-
tions which are volume-preserving. Recently, second-order geometrical corrections
for the acoustic [8] and microwave [9] eigenvalues were derived for prolate and
oblate spheroid and triaxial ellipsoids. Finally, the calculation of acoustic perturbed
eigenvalues was extended to the more general case of a resonator whose shape is
expressed by a series of spherical harmonics [10]. With these achievements in mind,
we point out that the currently available theoretical framework may not be sufficiently
complete to accomplish a speed-of-sound measurement achieving the accuracy goal
stated above. Specifically, the availability of a perturbative method capable of extend-
ing the calculation of the geometrical corrections to higher order in €, and suitable
to deal with the case of non-smooth geometrical imperfections (like the step-like
equatorial disjunction caused by the imperfect alignment of the two cavities com-
prising the resonator) would be most welcome. As a possible solution to these open
problems, we describe an iterative operatorial method, whose peculiar features do
not limit to a particular order the calculation of the geometrically perturbed acous-
tic eigenstates of a quasi-spherical cavity. As a practical application example, the
method is used to work out analytically the third-order geometrical corrections to
the radial modes of a prolate spheroid. By choosing € = 1 x 1073, the rela-
tive difference between the eigenvalues, respectively, calculated at order € and €2
for the modes (0,2) to (0,8) is found to vary between 0.002 and —1.06 parts in
10.

Finally, we discuss the perspectives of an analytical and a numerical approach in
the application of the operatorial method to calculate the perturbations induced by
non-smooth geometrical defects.

2 Basis of the Operatorial Method
The problem of determining the natural modes of an acoustic field, ¥, bounded in a

cavity with a perfect spherical shape can be translated in the following system of two
partial differential equations:
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where the shape of the cavity, S, is parametrized using spherical coordinates (r, 6, ¢).
The differential operator appearing in the Helmholtz equation (1a), is usually written
in a shorter form as (H + °k?) - ¥ = 0. The Neumann boundary conditions in Eq. 1b
fix the properties of the acoustic field on internal cavity wall dS; particularly, they
impose that the derivative calculated in the direction n, normal to the surface of the
cavity, must be null. The unknown variables of this system are the eigenvalues %k
and the eigenfunctions ¥ (r, 6, ¢). From a physical point of view, the system (Eq. 1)
imposes that the field ¢ evolves according to the minimum action principle and that
it does not lose energy exchanging momentum with the shell. This problem can be
solved exactly for a perfect sphere, thanks to the property of the equation to admit a
separable solution %.

When the cavity shape is not perfectly spherical, the corresponding equation is no
longer separable and the solution cannot be found exactly, but only in terms of succes-
sive approximations. In the following, we consider the particular case of a resonant
cavity of quasi-spherical shape. A surface M is a quasi-sphere (QS) when its parame-
trization M depends on a perturbation parameter € and M (€) becomes a perfect sphere
in the limit ¢ — 0. By way of examples, two different kinds of parametrizations for
M (¢) are reported:

x = r(1 —¢€)sin(0) cos(¢)

M(e) = 1y =r(l —¢€)sin(9) sin(¢) (2a)
z = rcos(0)
x =r[l —eF (6, ¢)]sin(0) cos(¢)

M) =13 y=r[l —eF(8, ¢)]sin(0) sin(¢) (2b)
z=r[1—€eF(@, ¢p)]cos(®).

The system of Eq.2a represents a prolate spheroid, while Eq.2b is a more general
parametrization describing shapes non-necessarily symmetric.

The Helmholtz equation associated to the manifold M (e€) can be built using the
Lagrangian density (Y, V¥) = T(Vy) - g - Vi, where the metric tensor g is
obtained from the Jacobian matrix J (¢), associated to M (¢), as

g = (707" 3)

Using the Euler—Lagrange equation applied to .Z, it is possible to obtain the operator
H (¢) representing the Helmholtz equation associated to M (¢),

[H(e) + kz(e)] W =TV.[VZ §(€) . V] + )y =0, (4)
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where /g = \/det(3)~! and the dependence of the operator H, and the eigenvalue
k, from the perturbation parameter € are evidenced. A similar approach can be used
to rewrite the boundary conditions, with reference to the manifold M (¢), leading to

n() - Vy =0. (5)

The solution of Eqs.4 and 5 can be obtained in an approximated form by assuming
that the exact solution ¥ can be expanded in a Taylor series in terms of € around the
pointe = 0 as

Y=Y+ et Yl Y+, ©)

where the functions "1 are unknown and do not depend on €. Analogous expressions
can be obtained for the operator H(e) = °H + 'He 4+ *He? 4+ *He> + O(€*), the
eigenvalue k> = °k? + 'k%e + k%€ + *k? €3 + O(e*), and for the normal vector
ne) = n+ 'me+ e+ °n e+ 0(e*). Substituting Eq. 6 into Eqs. 4 and
5, considering the expanded expressions for the other terms appearing in these equa-
tions, and collecting terms at the same order €, the problem of Eqs. 4 and 5 can be
reformulated as

("H + °%).'¢ =0

‘m.V Oy =0 @
("H+ 'k).% + (°H+ %).'v =0 g
Vo + nViy =0 ®
(PH+ %)%+ ("H+"'k)."y + ("H+ %) .2y =0 o
V%Y + InViy +'nvViy =0 ®

(3H+ Wk)Ow_i_(ZH_i_ Zk)lw-f—(lH—i- lk)Zw
+(OH+ Ok).31ﬁ:0 (10)
V%% +nV'y + V2 + ‘nV3iy =0

where just the unperturbed (Eq. 7), the first (Eq. 8), the second (Eq. 9), and the
third-order (Eq. 10) problems are explicitly shown, although the procedure can be
extended to higher orders of approximation.

For quasi-spheres, the unperturbed problem of Eq. 7 is coincident with Eq. 1; thus,
the function %y and the eigenvalue °k must be considered known terms in Egs. 8 to
10 together with " H and "n for which an explicit expression has been built from the
parametrization (Eq. 2).

It is worth noticing that, at any order, the solution for the function "¢ can be
obtained when the solution “~"v is known and when the inverse of the operator
(°H + °k?), namely, R = (“H + °k?)~! is built. Usually, the resolvent operator R is
expressed using opportune Green functions, depending on the particular choice of the
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unperturbed function °y. For example, applying R to the first-order approximation
problem, the following expression is obtained:

"Wy =—RICH+ 'k "yl (11)

where the solution ', is just a particular solution that usually does not satisfy the
boundary conditions (Eq. 8). The complete solution can be obtained adding to Eq. 11
an opportune solution of the unperturbed operator, chosen to verify the boundary
conditions. The first-order eigenvalue 'k> can be calculated as

2 T8 -y du
[V M

12)

This expression can be obtained considering that the operator (° H 4 °k2) is self-adjoint
and integrating over the volume the first-order problem in Eq. 8 multiplied by ®. The
second-order approximations are calculated following the same procedure applied to
the first-order problem with 'y and 'k being now known. The resolution method can
be iterated to obtain higher-order approximations.

3 Prolate Spheroid: Third-Order Corrections

As an example of application of the operatorial method, in the following, we detail
the calculation of radial modes of a prolate spheroid.

A prolate spheroid M is a quasi-sphere parametrized by Eq. 2a. Using Eq. 5 the
exact Helmholtz equation can be obtained and the perturbation operators are

OH = By + 20, + g + 20 L,
O T 2 T i) 7 17 sin”(6) 14
3 260 2 0 4 0) sin(0
g 2sin2(9)8,, _ ~+ cos( )3r cosz( )8994— cos(6) sin( )8,9
2 cos(20) cos(h) " 2 ar " 03
P2sin@) 0 2sin2@) ¢ (13
=g
2
4
H = ng =2'H.

The parametrization (Eq. 2a) does not allow one to obtain a separable Helmholtz
equation; however, for the operatorial method this is not a necessary requirement.

The first-order corrections terms 'k = 4/3 °k? can be obtained using Eq. 12. The
perturbed eigenvalue k> = °%k? 4 'k* € + O(e?) is coincident with that of a perfect
sphere having the same volume of the prolate spheroid as widely discussed in [6] and

[7].
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The known term ' = ("H + 'k?) - % can be decomposed as 'n = ago(r) Yoo +
a20(r) Y20 where Y, are spherical harmonic functions, so that the first-order correction

14 can be obtained as

W(p, 0, ¢)
_ .
%kp) jo(°k jo(°k Ok
— Y0, ) /rzyo( p)Jjo( V)O[00 dr+/r2]O( £)yo( r)aoo ar |+
wp; wpi
L0 P
W %) jo Ck o ok, %k |
Y0, 4) /rz)’2( £)J2( r)O[20 dr+/r2]2( P)y2( r)azo ar |+
wpi wpi
Lo p i
+¢20/2(*kr) Y20 (6, ¢). (14)

In Eq. 14, wp; is the Wronskian of the Bessel functions j;(z) and y;(z), of the first-
and the second-kind, respectively, multiplied by 2, and ¢2g is a constant which must
satisfy the first-order boundary conditions.

Once the function !y is determined, the second-order correction 2k2 can be calcu-
lated from the following equation, where the only unknown is 2k

/\/@OWH + %k%).% dM = —/\/@Hp(lH + '6%).% dM +
—/JEWH+ .0y dM (15)

and the term /" g is the n-coefficients of the Taylor expansion of \/g(¢). Remarkably,
the results, which are listed in Table 1, are found in agreement with those reported in

Table 1 Prolate spheroid: second- and third-order relative corrections to the squared eigenvalues for the
radial modes (0,2)—(0,8)

Radial mode Second-order theory Third-order theory

109(k2 — kZ)/ Ok 1090k €3) 109k — kZ)/ k> 1050 (k> €*) 1063k2 /%2 &3

0,2) 1.19648762 0.0202 1.19808744 0.00002 0.0016
0, 3) 3.53656391 0.0597 3.53242567 0.00006 —0.004
0, 4) 7.04591817 0.1189 7.01118073 0.0001 —0.035
0,5) 11.7249073 0.1979 11.6083224 0.0002 —0.117
(0, 6) 17.5735948 0.2966 17.2887303 0.0003 —0.285
0,7) 24.5919991 0.4150 24.0084427 0.0004 —0.584
(0, 8) 32.7801272 0.5532 31.7146905 0.0006 —1.065

The corrections are relative to the squared eigenvalues of a perfect sphere of equivalent volume, and are
calculated for € = 1 x 1073, The estimated residual contributions from the hi gher-order terms are listed as
O(Ok2 63) for the calculation truncated at the second-order and O (Ok2 54) for calculation truncated at the
third order. The relative difference between the eigenvalues calculated at second- and third-order is listed
in the rightmost column
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[6] and [7] for the second-order corrections to the eigenvalues of the radial modes.
However, a further improvement introduced by the operatorial method is its possibility
to be extended to the determination to higher order.

The third-order corrections 3k% can be determined once that the function 2 is
obtained from the solution of Eq.9, which can be solved using the same method
applied to determine '. The only difference is that the term (' H 4+ 'k2). 'y generates
further Y»p and Y49 components, so that the resolvent has two more integrals and two
further functions: bog jo Ckr) Y20 (0, ¢) and baq js (*kr)Y40(6, ¢). Again the integration
constants by and b4 must be adjusted to satisfy boundary conditions and 3k2 is calcu-
lated integrating over the volume M the following expression: /2g "¢ (‘ H 4+ 'k?).%%
+ VT WCH + kD). + JTg W CH + k). + VY (H + kD). Y +
VOgWCH + k). + /g W CH + k). Y.

In Table 1 the relative differences between the perturbed squared eigenvalues k>
calculated at the second- and the third-order in €, withe = 1 x 1073 and the unper-
turbed eigenvalues of the perfect sphere of equivalent volume kgq, are reported. The
correction increases with the mode number, and amounts to about 1 ppm for mode
(0,7). It is worth noticing that the residual O (°k?* €3) and the estimated correction
3k?/°k? €3 are commensurate, supporting the validity of the results.

4 Non-smooth Geometries

In the following, we describe the perspective and the difficulties encountered in an
attempt to apply the operatorial method to the case of cavities characterized by non-
smooth boundaries.

4.1 Perspective of an Analytical Approach

The geometrical parametrization of a quasi-sphere, whose shape presents non-smooth
defects, may be conveniently expressed using a morphing (the term is borrowed from
image processing algorithms) parameter a. For example, the parametrization M (¢) of
a cavity composed by two hemispheres having different radii may be expressed as

x =r[l —€F(0,a)]sin(0) cos(¢p)
M(e,a) =3 y=r[l —€eF(,a)]sin(0) sin(¢) (16)
z=r[l—€F(0,a)]cos(9),

where F (6, a) = 1/ arctan(cos(0)/a). A second example, using the same definition
of F (0, a), expresses the parametrization for a misaligned resonator,

x = r[sin(@) cos(¢) + € F (0, a)]
M(e,a) = { y = rsin(9) sin(¢) (17)

z = rcos(h)

Figure 1 illustrates how the initially smooth surface of a perfect sphere is trans-
formed into the discontinuous boundaries of the examples chosen above, in the limit
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Fig. 1 Morphing of hemispheres (a) with different radii and (b) of misaligned hemispheres

a — 0. Thus, in principle the operatorial method may be applied starting from the
parametrization in Eqs. 16 and 17, by maintaining the parameter ¢ undetermined. If
the method succeeds in the determination of the perturbed eigenvalue, this will be
a function k(a) of the morphing parameter. Incidentally, we remark that parametri-
zations in Egs. 16 and 17 may also be suitable to represent other geometrical imper-
fections which are typically present in acoustic thermometers like ducts, and annular
slits.

Although the function F(6,a) would be different for each particular case, the
first-order correction to the unperturbed eigenfunction of radial modes can always
be calculated as 'y, = %k r ji(°kr)F (0, a), where ji(°kr) is the spherical Bessel
function of order 1.

To be applicable, the analytical procedure just described needs further develop-
ment, which is the subject of the current investigation. One difficulty is related to the
suitable definition of boundary conditions on the discontinuous cavity surface which
may not be represented as the sum of a finite number of unperturbed eigenfunctions
which satisfy Eq. 8.

4.2 Numerical Approach

A numerical approach to the solution of the Helmholtz equation in perturbed geome-
tries has already been investigated, and partially proved its effectiveness. Particularly,
numerical methods based on finite-element (FEM) decomposition of the cavity shape
are indicated to validate and check more accurate analytical results [8,9].

We explored the possibility to adapt the peculiar features of the operatorial method
to a numerical determination of the perturbed eigenvalues. We remark that such a
numerical approach is strictly needed only for the determination of the second-order
corrections k% because the unperturbed eigenvalues and the first-order corrections
can always be obtained analytically.
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Fig. 2 Examples of integration T T T T
paths (dotted lines). The

boundaries, shown using solid 1
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represent the real dimension of

the resonator
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We make the trivial assumption that a solution which satisfies Eq.4 over the entire
volume of the cavity is also a solution of the same equation when limited on a spatial
subset of the volume. Particularly, we chose to solve the Helmholtz equation on curves,
in three-dimensional spaces, because the speed of convergence of the algorithm is very
fast and stable.

To be effective, the numerical approach requires an opportune choice of the
integration curves. As a matter of fact, if the chosen integration paths intercept the
surface of the resonator with a direction normal to the tangent plane at the interception
point, it is possible to transform the boundary conditions (Eq. 5) into initial condi-
tions of the integration procedure. The choice of y within a wide class of curves
can be further restricted by observing that the parametrizations of Eqs. 16 and 17
share the common property of including the origin of the coordinate system allowing
consideration of the parameter r as a simple scale factor. Figure 2 shows how the
integration paths may start from the origin and remain always normal to each scaled
intermediate surface. Under this condition, the eigenvalues can be simply determined
using the shooting method [11], checking if the derivative of the field, calculated along
the curve and evaluated on the surface is null, as the Neumann boundary conditions
require.

The expression for the Helmholtz equation when restricted to an arbitrary curve
could be obtained as a restriction of Eq.5; however, a more intuitive method is
suggested, which withdraws the scheme of the fluid dynamics when developed
under the Lagrangian point of view or, in other words, following the motion of a
particle moving in the flux of the fluid. Even if, in this representation, the integration
line does no longer correspond to the direction of the motion of the acoustic wave, the
similitude is useful to understand the origin of the conservation law.

Supposing that ¥ (r, 9, ¢) is an eigenfunction of a steady acoustic field in the cavity,
it is possible to show that Eq.4 can be obtained applying the principle of minimum
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action to the Lagrangian density .2 = ,/g(TV).g.V. The operator V expresses the
variation of the function ¥ in the different directions; however, it is possible to limit
this operator to a particular direction n, considering the directional derivative n - V.
In this new frame, the Lagrangian density . = ,/g(n - V)2 and the corresponding
Euler-Lagrange equation becomes

2
d Ws) +(V-n )dw(s) L) =0 (18)

where

3
Z(an’ +Zrkln,) (19)

i=1

In Eq. 19, I is the Christoffel symbol determined by the metric g, g; = (r, 6, ¢) and
s is the variable used to parametrize the integration path y (s). For example, in perfect
spherical geometry V - n = 2/r and the corresponding equivalent of Eq. 18 is the
Bessel equation which describes the propagation of radial modes when s = r.

More in general, the term V - n is a function of the coordinates (r, 6, ¢). Thus, to
make the dependence of the coordinates from the parameter s explicit, the analyti-
cal expression of the integration path y(s) = y(r(s), 6(s), ¢(s)) is needed. Given
the arbitrariness of the integration curve, it is possible to substitute y with its local
first-order approximation:

y(s + As) = p(s )+$A +0(As?) (20)

preserving the accuracy of the solution. In Eq. 20, the term dy (s)/ds is the tangent
vector to y(s) and, because of the shape of the chosen integration path, it coincides
with n. The integration path can be iteratively determined with the following proce-
dure: first, a starting point p (sg) is chosen; second, the vector n is calculated at the
same; and finally, a new point is determined along the integration path, in the direction
of n, at the distance specified by a step As.

The numerical solution of Eq. 18 can be obtained by its local representation in terms
of Taylor coefficients ¥ (so), d¥ (so)/ds, and dZW(so)/dszz

¥ (so+ As) = Y(so) + —2 ‘“S") +;d‘“SO)A +0(sY). @1

The first two coefficients can be fixed, as for any ordinary second-order differential
equation, giving suitable initial conditions. For the case of a radial acoustic mode
in quasi-spherical resonators, a possible choice is s9 = r = 0, ¥ (0) = const., and
dy(0)/ds = 0. Then the value of the coefficient d>y (so)/ds? can be obtained from
Eq. 18, with k> = %2 + 'k%e. The tangent vector to the integration path n can be
chosen arbitrarily when its expression is not defined in » = 0. The integration proce-
dure can be iterated considering the point at so + As as the new starting point. Once
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that the integration procedure is completed by reaching a point ¥ (senq) on the cavity
surface, the eigenvalue °k> + 'k? ¢ determined with this procedure may be tested to
check whether it represents an acceptable solution to the problem in Eq. 4, by verifying
that dy (seng)/ds = 0. If this condition is not verified, a different eigenvalue may be
determined and tested by using the secant method [12]. To be considered a satisfactory
solution to the problem (Eq. 4), the determined eigenvalue must be a solution of Eq. 18
for any initial direction n, arbitrary chosen.

5 Conclusions

The target of achieving an acoustic determination of the Boltzmann constant with a
relative uncertainty below one part in 10® seemingly requires further development of
the mathematical methods used to predict the perturbing effects induced by the geo-
metrical imperfections of the cavity shape. The method and the examples presented
in this work partially address this need, evidencing a sensible difference between the
second- and third-order corrections to the acoustic eigenvalues of a prolate spheroid.
Albeit the proposed method is not in principle limited with regard to the attainable
order of approximation of the solutions or to a specific class of solvable geometries,
the practical difficulties involved in the determination of appropriate resolving oper-
ators are relevant, currently limiting its applicability. A numerical approach to the
application of the method may represent a valid simplification to these difficulties,
and is the subject of the current investigation.
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